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ON HYPER KA¨HLER MANIFOLDS ASSOCIATED TO
LAGRANGEAN KA¨HLER SUBMANIFOLDS OF T ∗Cn
VICENTE CORTE´S
Abstract. For any Lagrangean Ka¨hler submanifold M ⊂ T ∗Cn, there exists a
canonical hyper Ka¨hler metric on T ∗M . A Ka¨hler potential for this metric is given
by the generalized Calabi Ansatz of the theoretical physicists Cecotti, Ferrara and
Girardello. This correspondence provides a method for the construction of (pseudo)
hyper Ka¨hler manifolds with large automorphism group. Using it, a class of pseudo
hyper Ka¨hler manifolds of complex signature (2,2n) is constructed. For any hyper
Ka¨hler manifold N in this class a group of automorphisms with a codimension
one orbit on N is specified. Finally, it is shown that the bundle of intermediate
Jacobians over the moduli space of gauged Calabi Yau 3-folds admits a natural
pseudo hyper Ka¨hler metric of complex signature (2,2n).
Introduction
The generalized Calabi Ansatz of Cecotti, Ferrara and Girardello was discovered in
the context of super string theory [C-F-G]. Nevertheless, it provides a simple method
for the construction of such classical geometric structures as hyper Ka¨hler metrics.
In the first part of this paper a self contained presentation of this construction is
given. We explain how to a Lagrangean (pseudo) Ka¨hler submanifold M ⊂ T ∗Cn
one canonically associates a (pseudo) hyper Ka¨hler metric on the complex symplectic
manifold T ∗M , s. Thm. 1.5.
Then we study natural group actions on M and on its cotangent bundle T ∗M
preserving the special geometric structures. This opens the way for a systematic
construction of (pseudo) hyper Ka¨hler manifolds of small cohomogeneity, s. Prop. 2.1
and Cor. 2.2. Using the classification of certain Lagrangean cones given in [dW-VP]
and [C2], we construct examples of pseudo hyper Ka¨hler manifolds of complex signa-
ture (2,2n) admitting a group of automorphisms of cohomogeneity one, s. Thm. 2.3.
If M is a cone of appropriate signature, then M can be interpreted as formal moduli
space of gauged Calabi Yau 3-folds, s. Prop. 3.2 and Thm. 3.4. In particular, the
Lagrangean cones classified in [dW-VP] and [C2] are models for moduli spaces with
large automorphism group, s. Prop. 3.3 and Rem. 5.
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Finally, we prove that the pseudo hyper Ka¨hler structure on the cotangent bundle
T ∗M of a Lagrangean pseudo Ka¨hler submanifold M ⊂ T ∗Cn is always defined
on a discrete fibre preserving quotient of T ∗M which is a torus bundle over M , s.
Thm. 3.1. As a consequence, we obtain a natural pseudo hyper Ka¨hler structure of
complex signature (2,2n) on the bundle of intermediate Jacobians over the moduli
space of gauged Calabi Yau 3-folds, where n = h2,1, s. Thm. 3.5.
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1. The canonical pseudo hyper Ka¨hler metric on the cotangent
bundle of a Lagrangean pseudo Ka¨hler submanifold M ⊂ T ∗Cn
Consider the following fundamental algebraic data:
1) A complex symplectic vector space (V, ω), dimC V = 2n.
2) A compatible real structure τ : V → V , i.e. a C-antilinear involution such that
the restriction of ω to its fix point set V τ is a real symplectic structure.
Up to isomorphism, we can assume that V = T ∗Cn, V τ = T ∗Rn and that ω is the
standard symplectic structure of T ∗Cn, which is a real symplectic structure when
restricted to T ∗Rn.
Recall that a linear subspace of a (real or complex) symplectic vector space is called
Lagrangean if it is maximally isotropic and that a submanifold M of a symplectic
vector space is called Lagrangean submanifold if TmM is a Lagrangean subspace
for every point m ∈M .
Given (V, ω, τ) we can define a Hermitian form γ of signature (n,n) on V by
γ(u, v) =
√−1ω(u, τv) , u, v ∈ V . (1)
(V, γ) is a pseudo Ka¨hler manifold (of complex signature (n,n)) and hence the notion
of pseudo Ka¨hler submanifold is defined. In fact, a complex submanifold M ⊂ V is
called a pseudo Ka¨hler submanifold of (V, γ) if γ|M is nondegenerate.
Recall that a complex symplectic structure on a complex manifold is a holo-
morphic, closed and nondegenerate 2-form.
Definition 1.1. A (pseudo) Ka¨hler manifold will be called (pseudo) hyper Ka¨hler
manifold if it admits a parallel complex symplectic structure.
It follows from this definition that a Ka¨hler manifold of complex dimension 2n is
hyper Ka¨hler if and only if the holonomy group (of the canonical connection) is a
subgroup of Sp(n) = U(2n)∩Sp(n,C), cf. [Be]. Here Sp(n,C) denotes the symplectic
group of C2n.
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Remark 1: The complex symplectic structure ω defines on the (flat) pseudo Ka¨hler
manifold (V, γ) the structure of pseudo hyper Ka¨hler manifold.
Proposition 1.1. Given (V, ω, τ) and γ as above, a Lagrangean submanifold M ⊂
(V, ω) is a pseudo Ka¨hler submanifold M ⊂ (V, γ) if and only if TmM ∩ τTmM = 0
for all m ∈M . In particular, V τ ∩ TmM = 0 is necessary.
Proof: Let L ⊂ (V, ω) be a Lagrangean subspace. Then γ|L is nondegenerate if and
only if L ∩ τL = 0. ✷
A connected Lagrangean pseudo Ka¨hler submanifold M ⊂ (V, ω, τ) has a well
defined complex signature (k, l), k + l = n, namely the signature of the Hermitian
form γ|TmM , m ∈M arbitrary. If l = 0, then γ|TmM is positively defined and M is
a Ka¨hler submanifold of (V, γ).
Proposition 1.2. For any pseudo Ka¨hler submanifold M ⊂ (V, γ) the function
KM(u) := γ(u, u), u ∈ M , is a pseudo Ka¨hler potential. Any subgroup of Aut(V, γ)
which preserves M acts on M by holomorphic isometries.
Proof: Let u : U → M , U ⊂ Cm, m = dimCM , be a local holomorphic parametriza-
tion of M , then
∂2(KM ◦ u)
∂zi∂zj
= γ(
∂u
∂zi
,
∂u
∂zj
) .
This proves the first claim. The second claim follows from the fact that Aut(V, γ) ∼=
U(n, n) acts holomorphically and isometrically on the pseudo Ka¨hler manifold (V, γ)
and that M is a pseudo Ka¨hler submanifold of (V, γ). ✷
The linear automorphism group Aut(V, ω, τ) ∼= Aut(V τ , ω|V τ ) ∼= Sp(n,R) of our
fundamental algebraic data acts on the hyper Ka¨hler manifold (V, γ, ω) by automor-
phisms, i.e. by holomorphic isometries preserving the complex symplectic structure.
Here Sp(n,R) denotes the real symplectic group in 2n variables.
Definition 1.2. (cf. [C-F-G]) The group
Autd(M) = {ϕ ∈ Aut(V, ω, τ)|ϕM = M}
is called the duality group of the Lagrangean pseudo Ka¨hler submanifold M ⊂
(V, ω, γ).
The next proposition follows from Prop. 1.2.
Proposition 1.3. The duality group Autd(M) acts on M holomorphically and iso-
metrically.
To define the generalized Calabi Ansatz of [C-F-G], we have to choose a La-
grangean splitting for V τ , i.e. a decomposition
V τ = L0 ⊕ L′0 (2)
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into two Lagrangean subspaces. A Lagrangean splitting for V τ induces a Lagrangean
splitting for V :
V = L⊕ L′ , (3)
where L and L′ are determined by
L = τL , L′ = τL′ and L0 = L
τ , L′0 = (L
′)τ . (4)
Moreover, we have canonical isomorphisms associated to (2) and (3):
V τ ∼= T ∗L0 , V ∼= T ∗L .
Definition 1.3. A Lagrangean submanifold M ⊂ (V, ω) is in general position with
respect to the splitting V = L⊕L′ if the projection p : V → L induces an isomorphism
of M onto its image.
Proposition 1.4. A Lagrangean Ka¨hler submanifold M ⊂ (V, ω, γ) is in general
position with respect to any splitting V = L⊕L′ induced by a Lagrangean splitting of
V τ , s. (2), (3) and (4).
Proof: It is sufficient to show that TmM ∩ L′ = 0 for all m ∈M . This follows from
the fact that γ is positively defined on TmM and zero on L
′ = τL′. ✷
Given fundamental algebraic data (V, ω, τ), compatible Lagrangean splittings (2)–
(4) and a Lagrangean pseudo Ka¨hler submanifold M ⊂ (V, ω, γ) in general position
with respect to the given splitting, there is a canonical real structure ρ′ on TM .
In fact, the projection p : V → L induces an isomorphism TmM ∼→ L and hence we
can define a real form of (TmM)
ρ′ of TmM by the equation
dp (TmM)
ρ′ = L0.
Now we can define ρ′ (at the point m) as the C-antilinear involution of TmM with
fix point set (TmM)
ρ′ .
We denote by ρ the real structure on T ∗M which is dual to ρ′ and by g−1m the
Hermitian metric on T ∗mM which is inverse to gm = γ|TmM . Then the generalized
Calabi Ansatz of [C-F-G] is given by the following potential on T ∗M :
K(σ) = KM(π(σ)) + g−1pi(σ)(σ + ρ(σ), σ + ρ(σ)) , σ ∈ T ∗M , (5)
where π : T ∗M → M is the natural projection andKM is the pseudo Ka¨hler potential
of M , s. Prop. 1.2.
Theorem 1.5. Let (V, ω, τ) be fundamental algebraic data, s. p. 1, γ the Hermitian
form defined in (1), V = L⊕L′ a Lagrangean splitting as in (2)–(4) andM ⊂ (V, ω, γ)
a Lagrangean Ka¨hler submanifold (resp. pseudo Ka¨hler submanifold of complex signa-
ture (k, l) in general position, s. Def. 1.3). Then the function K on T ∗M associated
to these data, s. (5), is the Ka¨hler potential of a hyper Ka¨hler metric G on T ∗M
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(resp. the pseudo Ka¨hler potential of a pseudo hyper Ka¨hler metric G of complex sig-
nature (2k, 2l) on T ∗M). More precisely, the standard complex symplectic structure
Ω on the cotangent bundle T ∗M is parallel with respect to the canonical connection
of the Ka¨hler (resp. pseudo Ka¨hler) manifold N = (T ∗M,G).
Remark 2: In [C-F-G] the correspondence M 7→ N is called the c-map in rigid super
symmetry. There is also a c-map in local super symmetry M 7→ N as was proven
in [F-S]. In the latter case, N is a quaternionic Ka¨hler manifold of negative Ricci
curvature.
Proof: First we derive the local coordinate expression for the field G of Hermitian
forms defined by the potential K on T ∗M . Using this expression, we show that G is
nondegenerate and has complex signature (2k,2l). Then we prove that the standard
complex symplectic structure Ω on T ∗M is parallel, also by a direct computation.
Let us choose a linear isomorphism L0 ∼= Rn. Then we can identify V τ = T ∗Rn
and V = T ∗Cn. We denote by (q1, . . . , qn, p1, . . . , pn) the complex coordinates on
T ∗Cn which correspond to the standard coordinates on Rn. In these coordinates
ω =
∑n
i=1 dq
i ∧ dpi.
Since M is a Lagrangean submanifold in general position, s. Prop. 1.4, it is the
image of a closed and hence locally exact section of T ∗Cn. In other words, we can
describe M locally by equations of the form
pi =
∂F (q1, . . . , qn)
∂qi
, i = 1, . . . , n , (6)
where F (q1, . . . qn) is a locally defined holomorphic function of n variables. Remark
that for any locally defined holomorphic function F the equations (6) define a La-
grangean submanifold in general position, namely the image of the exact section dF
of T ∗Cn.
Denote by zi := qi|M , i = 1, . . . , n, the natural complex coordinates on M and
by (z1, . . . , zn, w1, . . . , wn) the corresponding complex coordinate system for T
∗M .
To unify the notation put zi
′
:= wi and (z
I) := ((zi), (zi
′
)). Recall that the (pseudo)
Ka¨hler metric on M is g = γ|M , so in our coordinates (zi):
gij = gji = γ(
∂
∂zi
,
∂
∂zj
) =
√−1(F ij − Fij) , (7)
where Fi = pi|M , Fij = ∂Fi∂zj , Fijk = ∂Fij∂zk etc. and we have used that
∂
∂zi
=
∂
∂qi
+
∑
j
Fij
∂
∂pj
.
The Hermitian fibre metric g−1 = (gij) on T ∗M is defined by the equation∑
j
gijgjk = δ
i
k . (8)
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With respect to the coordinates (z1, . . . , zn, w1, . . . , wn) on T
∗M the potential K
reads
K(z1, . . . , zn, w1, . . . , wn) = K
M(z1, . . . , zn) +
∑
ij
gij(wi + wi)(wj + wj) ,
(9)
where
KM(z1, . . . , zn) = γ(dF |(z1,... ,zn), dF |(z1,... ,zn)) =
√−1∑
ij
(ziF i − ziFi) .
(10)
Now we compute G = (GIJ), where
GIJ =
∂2K
∂zI∂zJ
, I, J ∈ {1, . . . , n, 1′, . . . , n′} .
In the following, lower indices separated by komma will always denote partial deriva-
tives, e.g. gij,kl¯m′ =
∂3gij
∂zk∂zl∂wm
. The equations
Gij = gij +
∑
kl
gkl,ij¯(wk + wk)(wl + wl)
= gij + 2
∑
krspql
gkrgspgqlFrsiF pqj(wk + wk)(wl + wl)
Gij′ = Gj′i = 2
√−1∑
kpq
gkpFpqig
qj(wk + wk)
Gi′j′ = 2g
ij
follow immediately from the basic formulas
gkl,i = −
∑
pq
gkpgpq,ig
ql =
√−1∑
pq
gkpFpqig
ql (11)
gkl,j¯ = −
∑
pq
gkpgpq,j¯g
ql = −√−1∑
pq
gkpF pqjg
ql . (12)
If we put b = (bij)i,j=1,... ,n, b
i
j := Gji′, then
G = (GIJ) =
(
g + 1
2
btgb bt
b 2g−1
)
and we can easily invert this matrix:
G−1 = (GIJ) =
(
g−1 −1
2
b
−1
2
b
t 1
2
(g + 1
2
b
t
gb)
)
.
This shows that G is a pseudo Ka¨hler metric on T ∗M . In particular, (T ∗M,G) has a
well defined signature over each connected component of M . We may assume thatM
is connected and (M, g) has complex signature (k,l). Then (T ∗M,G) has signature
(2k,2l) near the zero section M ⊂ T ∗M (i.e. for b→ 0) and hence everywhere.
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Now we show that N = (T ∗M,G) is a pseudo hyper Ka¨hler manifold, s. Def. 1.1.
The complex manifold T ∗M has the canonical complex symplectic structure Ω =∑
dzi ∧ dwi. We will show that ∇Ω = 0 for the covariant derivative ∇ of the pseudo
Ka¨hler manifold N . Let us denote by ΓIJK the Christoffel symbols of the pseudo
Ka¨hler metric G on N . We recall that ΓIJK =
∑
LG
LIGJL,K , s. e.g. [K-N2] for the
basic theory of Ka¨hler manifolds.
Lemma 1.6. The complex symplectic structure Ω of T ∗M is parallel with respect
to the pseudo Ka¨hler metric G if and only if the Christoffel symbols ΓIJK have the
following symmetries.
(i) ΓiJk = −Γk′Ji′,
(ii) ΓiJk′ = Γ
k
Ji′, Γ
i′
Jk = Γ
k′
Ji.
Proof: It is straightforward to check that equations (i) and (ii) are equivalent to
∇ ∂
∂zl
Ω = 0 , l = 1, . . . , n ,
if J = j = 1, . . . , n and equivalent to
∇ ∂
∂wl
Ω = 0 , l = 1, . . . , n ,
if J = j′ = 1′, . . . , n′. ✷
The equations (i) and (ii) of Lemma 1.6 are verified by a direct computation of the
Christoffel symbols ΓIJK . This finishes the proof of Thm. 1.5. ✷
Remark 3: Instead of Lemma 1.6 one can also use [H] Lemma 6.8, cf. [C-F-G]. We
remark that to the pseudo hyper Ka¨hler manifold (T ∗M,G,Ω) constructed in Thm.
1.5 we can canonically associate a parallel hypercomplex structure (J1, J2, J3), which
is Hermitian with respect to the pseudo Riemannian metric 〈·, ·〉 = ReG. Here J1
is the standard complex structure of the (holomorphic) cotangent bundle T ∗M ; the
complex structures J2 and J3 are defined by the equation
Ω(v, w) = 〈J2v, w〉+
√−1 〈J3v, w〉 , v, w ∈ T (T ∗M) .
Example 1: The simplest example of Lagrangean pseudo Ka¨hler submanifold M ⊂
T ∗Cn is a Lagrangean subspace L such that L ∩ τL = 0. If e.g.
L = spanC{
∂
∂q1
+ i
∂
∂p1
, . . . ,
∂
∂qk
+ i
∂
∂pk
,
∂
∂qk+1
− i ∂
∂pk+1
, . . . ,
∂
∂qn
− i ∂
∂pn
} ,
i =
√−1, then γ|L has complex signature (k,n-k) and (T ∗L,G) is the flat model
of pseudo hyper Ka¨hler manifold of quaternionic signature (k,n-k), i.e. of complex
signature (2k,2n-2k).
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2. A class of pseudo hyper Ka¨hler manifolds admitting a group of
automorphisms of cohomogeneity one
Let (V, ω, τ) be our fundamental algebraic data, s. p. 1, γ the Hermitian form
defined in (1), V = L ⊕ L′ a Lagrangean splitting as in (2)–(4) and M ⊂ (V, ω, γ)
a Lagrangean pseudo Ka¨hler submanifold in general position, s. Def. 1.3 and Prop.
1.4. By Thm. 1.5 to these data we canonically associate the pseudo hyper Ka¨hler
manifold N = (T ∗M,G) with standard complex symplectic structure Ω.
Now we are interested in natural group actions on M and N preserving the given
geometric structures. Recall that the duality group Autd(M) of M consists of those
linear automorphisms of (V, ω, τ) which preserve M . It acts holomorphically and
isometrically on the pseudo Ka¨hler manifold (M, g), s. Prop. 1.3. Let us consider the
subgroup Autsd(M) of Autd(M) preserving also the Lagrangean splittings (2)–(4),
i.e.
Autsd(M) = {ϕ ∈ Autd(M)|ϕL = L , ϕL′ = L′} .
Since Autsd(M) ⊂ Autd(M) →֒ Sp(V τ , ω|V τ ) ⊂ GL(V τ ) ⊂ Aff(V τ ) = V τ⋊GL(V τ ),
we can also consider the corresponding affine group
V τ⋊Autsd(M) ⊂ V τ⋊Autd(M) →֒ Aff(V τ ) .
We will show that the affine group V τ⋊Autsd(M) acts on N preserving the pseudo
hyper Ka¨hler structure. First we define a fibre preserving action of the vector group
V τ ∼= R2n on T ∗M . For this we consider the quotient map V → V/TmM . Using
the inclusion V τ ⊂ V and the isomorphism V/TmM ∼= T ∗mM given by the symplectic
structure ω, the quotient map induces an isomorphism of real vector spaces, cf.
Prop. 1.1:
ψm : V
τ → T ∗mM . (13)
Now we define the action of an element v ∈ V τ on T ∗M by
T ∗mM ∋ σ 7→ σ +
√−1ψm(v) ∈ T ∗mM . (14)
Choosing linear coordinates (v1, . . . , vn) for L0 ∼= Rn induces coordinates (v1, . . . , vn)
for L′0
∼= L∗0 and (z1, . . . , zn, w1, . . . , wn) for T ∗M as in the previous section. In these
coordinates the action of v = (v1, . . . , vn, v1, . . . , vn) on T
∗M defined in (14) reads
(cf. [C-F-G]):
(z1, . . . , zn, w1, . . . , wn) 7→ (z˜1, . . . , z˜n, w˜1, . . . , w˜n)
z˜i = zi , w˜i = wi −
√−1(vi −
∑
j
Fijv
j) , (15)
where we recall that Fij =
∂2F
∂zi∂zj
are the second derivatives of the local holomorphic
function F (z1, . . . , zn) defining the Lagrangean submanifold M , s. (6).
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Proposition 2.1. The group V τ⋊Autsd(M) →֒ Aff(V τ ) acts naturally on N by au-
tomorphisms of the pseudo hyper Ka¨hler structure (s. Thm. 1.5), i.e. by holomorphic
isometries preserving the complex symplectic structure Ω. The action of Autsd(M)
is by point transformations of N = T ∗M and that of V τ , given by (14), is fibre
preserving and simply transitive on each fibre.
Proof: Autd(M) and thereby its subgroup Autsd(M) acts holomorphically on M
and hence by complex symplectomorphisms on T ∗M , namely by holomorphic point
transformations. Moreover, Autsd(M) preserves the pseudo Ka¨hler potential (5) on
T ∗M associated to the choice of Lagrangean splitting (2). This shows that Autsd(M)
acts on N by automorphisms of the pseudo hyper Ka¨hler structure.
Consider the map
ψ : M × V τ → T ∗M , ψ(m, v) := ψm(v) .
¿From the fact that ψ is Autd(M)-equivariant it follows that (14) extends the action
of Autd(M) on N to a holomorphic action of V
τ⋊Autsd(M) on N . We check that the
action of v ∈ V τ , s. (15), preserves the complex symplectic structure Ω = ∑i dzi∧dwi:∑
i
(dz˜i ∧ dw˜i − dzi ∧ dwi) =
√−1∑
ij
vjdzi ∧ dFij =
√−1∑
ijk
vjFijkdz
i ∧ dzk = 0 .
Next we check that under the action of v ∈ V τ the pseudo Ka¨hler potential K of N ,
s. (5), changes only by a pluriharmonic function. Using (7)-(10) and (15) we obtain:
K(z˜1, . . . , w˜n)−K(z1, . . . , wn) = −2
∑
j
vj(wj + wj) +
∑
ij
gijv
ivj .
The result is pluriharmonic, since the vi are constants and gij is pluriharmonic as
sum of a holomorphic and an antiholomorphic function, s. (7). Now it only remains
to show that V τ acts simply transitively on each fibre of T ∗M → M . This is clear
since (13) is an isomorphism of real vector spaces. ✷
Corollary 2.2. If a subgroup A ⊂ Autsd(M) has an orbit of codimension r on M
then the subgroup V τ⋊A ⊂ V τ⋊Autsd(M) has an orbit of codimension r on N .
Our aim is to use Cor 2.2 for the construction of pseudo hyper Ka¨hler manifolds N
with the smallest possible cohomogeneity of the group V τ⋊Autsd(M). (Recall that
the cohomogeneity of a Lie group acting on a manifold is the minimal codimension
of its orbits.)
The pseudo Ka¨hler potential KM(u) = γ(u, u), u ∈ M , defines an Autd(M)-
invariant function on M and hence KM ◦ π, π : T ∗M → M the projection, is
an V τ⋊Autd(M)-invariant function on N . This function cannot be constant on
an open set, since KM is the potential of a (nondegenerate) metric. Therefore,
V τ⋊Autd(M) ⊃ V τ⋊Autsd(M) has no open orbit on N and hence is of cohomoge-
neity at least one.
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Next we will present a class of pseudo hyper Ka¨hler manifolds N for which the
cohomogeneity of V τ⋊Autsd(M) ⊂ V τ⋊Autd(M) is in fact one. This class is associ-
ated, via the correspondence of Thm. 1.5, to an interesting class of Lagrangean pseudo
Ka¨hler submanifolds M ⊂ T ∗Cn+1 in general position (with respect to the standard
Lagrangean splitting T ∗Cn+1 = Cn+1 ⊕ (Cn+1)∗ into positions and momenta). The
latter class can be defined by the following additional conditions
(i) M is a cone, i.e. λM = M for all λ ∈ C− {0}.
(ii) The third fundamental form of M ⊂ T ∗Cn+1 is given by a homogeneous cubic
polynomial h(x1, . . . , xn) with real coefficients, s. remarks below.
(iii) The real hypersurface {h = 1} ⊂ Rn admits an open orbit H ⊂ {h = 1}
of a subgroup of GL(n,R). Moreover, the second fundamental form of H is
negatively defined.
The complete classification of such manifolds M was first obtained in [dW-VP]; an
alternative, conceptual approach was developped in [C2].
First of all let us explain the meaning of (ii). The notion of 3rd fundamental form
of a Lagrangean cone was introduced by Bryant and Griffiths [B-G] in the study of
period maps for general Calabi Yau 3-folds, s. Section 3. The third fundamental
form θ of a Lagrangean submanifold M ⊂ T ∗Cn+1 in general position satisfying (i)
is by definition the 3rd fundamental form of the immersion
φ : (q1, . . . , qn) 7→ (π|M)−1(1, q1, . . . , qn) ,
where π : T ∗Cn+1 → Cn+1 is the natural projection. More precisely, θ is the section
of S3T ∗Cn whose value θq ∈ S3T ∗qCn ∼= S3(Cn)∗ at q = (q1, . . . , qn), (1, q) ∈ π(M),
is given by the cubic form
θq(x
1, . . . , xn) =
n∑
ijk=1
xixjxk
∂3φ(q)
∂qi∂qj∂qk
.
So the condition (ii) is satisfied if and only if the homogeneous cubic polynomial
θq is independent of q, i.e. θq(x
1, . . . , xn) = h(x1, . . . , xn), and has (constant) real
coefficients ∂
3φ(q)
∂qi∂qj∂qk
∈ R.
In the following discussion we recall all needed basic facts about the class of La-
grangean submanifolds defined above; for complete details the reader is referred to
[dW-VP] and [C2]. Under the condition (i), we can consider the complex manifold
P (M) ⊂ P (T ∗Cn+1) ∼= P 2n+1
C
, which is a projectivized cone. If the potential KM
does not vanish onM , then P (M) admits a canonical Hermitian form gP (M) invariant
under the projective action of the duality group Autd(M), cf. (17). (The correspond-
ing potential is log |KM |.) Under the conditions (ii) and (iii), there exists an open
subcone C ⊂ M ⊂ T ∗Cn+1 such that Autsd(C) acts transitively on P (C) ⊂ P (M),
the Hermitian form γ has complex signature (1,n) on C and −gP (C) is a (positively
defined) Ka¨hler metric on P (C). Without restriction of generality we assume M = C.
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From the preceding remarks it follows that Autsd(M) has an orbit of codimension one
onM and by Prop. 2.1 and Cor. 2.2 the group V τ⋊Autsd(M), V
τ = T ∗Rn+1 ∼= R2n+2,
of automorphisms of the hyper Ka¨hler manifold N has cohomogeneity one.
Now we describe the group Autsd(M) in more detail. Remark that the subgroup of
Sp(n+1,R) ⊂ GL(2n+2,R) preserving the standard Lagrangean splitting T ∗Rn+1 =
R
n+1 ⊕ (Rn+1)∗ is the group of linear point transformations of T ∗Rn+1, which is
canonically isomorphic to GL(n + 1,R). This gives rise to the embedding
ι : Autsd(M) →֒ GL(n + 1,R) , ϕ 7→ ϕ|Rn+1 ,
where Rn+1 ⊂ T ∗Rn+1 is the zero section. GL(n + 1,R) contains the affine group
Aff(n,R) = Rn⋊GL(n,R) as a subgroup:
Aff(n,R) ∋ (v, B) 7→
(
1 0
v B
)
∈ GL(n+ 1,R) .
So we can define the subgroup
A(M) := ι−1(Aff(n,R)) ⊂ Autsd(M) ,
which is embedded in the affine group Aff(n,R) via the map ι.
By construction, s. [dW-VP] and [C2], the class of submanifolds M ⊂ T ∗Cn+1 de-
fined above has the following property: The group A(M) has an open orbit on P (M)
and (by restricting to an open subcone of M if necessary) we can assume that A(M)
acts transitively on P (M). Moreover, it was proven in [C2] that (P (M),−gP (M)) is
isomorphic, as A(M)-Ka¨hler manifold, to a Ka¨hlerian Siegel domain (U, g) of first
type. The group ι(A(M)) ∼= A(M) acts naturally on (U, g) by affine transformations
which are (holomorphic) isometries for the Ka¨hler metric g.
The complete list of Ka¨hlerian Siegel domains (U, g) corresponding to the class of
submanifolds M ⊂ T ∗Cn+1 defined above, s. (i)-(iii), was given in [C2] Thm. 2.8. For
convenience of the reader, we recall that U has rank 2 or 3. The rank 2 domains in
the list are numerated by the nonnegative integers and the rank 3 domains by special
isometric maps or, equivalently, by Z2-graded Clifford modules (up to equivalence
defined in [C1] Def. I.10 and Def. II.5, cf. Def. II.4, Prop. II.25 and Prop. II.26). Recall
that a Z2-graded Clifford module of order k is a Z2-graded module Ψ = Ψ0⊕Ψ1
of the real Clifford algebra Cℓk, k = 0, 1, 2, . . . , s. e.g. [L-M]. Summarizing our
discussion and applying Cor. 2.2 to A = A(M), we obtain the following theorem.
Theorem 2.3. To any p ∈ {0, 1, 2, . . . } (resp. Z2-graded Clifford module Ψ of order
k ∈ {0, 1, 2, . . . }) we can canonically associate a Lagrangean pseudo Ka¨hler sub-
manifold in general position M(p) ⊂ T ∗Cn+1, n = 2 + p, (resp. M(Ψ) ⊂ T ∗Cn+1,
n = k + 3 + dimΨ) satisfying conditions (i)-(iii) on p. 9. Conversely, any La-
grangean pseudo Ka¨hler submanifold of T ∗Cn+1 in general position satisfying (i)-(iii)
contains one of the manifolds M above (i.e. M = M(p) or M = M(Ψ)) as an
open subcone. For the manifolds M above, the affine group A(M)
ι→֒ Aff(n,R)
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acts transitively and isometrically on the Ka¨hler manifold (P (M),−gP (M)) by pro-
jective linear transformations. Moreover, (P (M),−gP (M)) is isomorphic as A(M)-
Ka¨hler manifold to a Ka¨hlerian Siegel domain of type I with transitive affine action
of ι(A(M)) ⊂ Aff(n,R).
The pseudo hyper Ka¨hler manifold N = (T ∗M,G) associated to any of these
manifolds M by Thm. 1.5 has complex signature (2, 2n). Finally, the affine group
R
2n+2
⋊A(M) ⊂ Aff(2n + 2,R) acts on N by automorphisms of the pseudo hyper
Ka¨hler structure with an orbit of codimension one.
Remark 4: The manifolds (T ∗M,G), M = M(p) or M = M(Ψ), should be thought
of as natural pseudo hyper Ka¨hlerian versions of Alekseevsky’s homogeneous quater-
nionic Ka¨hler manifolds, cf. [A], [Ce], [dW-VP], [dW-V-VP], [C1], [A-C] and [C2].
3. The pseudo hyper Ka¨hler metric of the bundle of intermediate
Jacobians over the moduli space of gauged Calabi Yau 3-folds
Let (V, ω, τ) be our fundamental algebraic data, s. p. 1, γ the Hermitian form
defined in (1), V = L ⊕ L′ a Lagrangean splitting as in (2)-(4), M ⊂ (V, ω, γ) a
Lagrangean pseudo Ka¨hler submanifold in general position, s. Prop. 1.4, and, finally,
Γ ⊂ V τ a (cocompact) lattice. Using the isomorphism V/TmM ∼= T ∗mM induced by
the symplectic form ω, we can identify T ∗M with the normal bundle N → M of M
in V , Nm = V/TmM . Since V τ ⊃ Γ has zero intersection with TmM , s. Prop. 1.1,
Γ projects to a lattice [Γ] in Nm = V/TmM and Nm/[Γ] is a complex torus. Let
us denote by N /Γ the corresponding (holomorphic) torus bundle over M . Remark
that via the isomorphism Nm ∼= T ∗mM the lattice [Γ] ⊂ Nm corresponds to the lattice
ψm(Γ) ⊂ T ∗mM , s. (13), and we can identify N /Γ with the quotient of T ∗M by the
action of Γ ⊂ V τ defined in equation (14).
Theorem 3.1. The pseudo hyper Ka¨hler structure on T ∗M ∼= N constructed in
Thm. 1.5 induces a pseudo hyper Ka¨hler structure on the torus bundle T ∗M/Γ ∼= N /Γ
for any lattice Γ ⊂ V τ .
Proof: It was proven in Prop. 2.1 that the action of V τ ⊃ Γ preserves the complex
symplectic structure Ω and the pseudo hyper Ka¨hler metric G on T ∗M . ✷
The purpose of this section is to use Thm. 3.1 for the construction of a pseudo hyper
Ka¨hler structure on the bundle of intermediate Jacobians over the moduli space of
gauged Calabi Yau 3-folds. For this we have to review some known facts about the
moduli space, thereby relating it to Thm. 3.1.
Let X be a (general) Calabi Yau 3-fold, i.e. a compact Ka¨hler 3-fold with
holonomy group SU(3). This implies that X has a holomorphic volume form volX ∈
H3,0(X), unique up to scaling. Such a pair (X, volX) is called a gauged Calabi Yau
3-fold. The (Kuranishi) moduli space S of X is smooth and can be identified
with a neighborhood of zero in H2,1(X) ∼= H1(X, T ), s. [Bo], [Ti] and [To]. Denote
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by X = (Xs)s∈S → S, X0 = X , the corresponding deformation of complex structure.
The “intersection” form
ω(ξ, η) :=
∫
X
ξ ∧ η , ξ, η ∈ H3(X,Z) , (16)
defines an integral nondegenerate skew symmetric bilinear form on H3(X,Z). The
corresponding complex symplectic form on H3(X,C) will be denoted by the same
letter. Consider the holomorphic line bundle H3,0(X ) → S with fibre H3,0(Xs) at
s ∈ S. Denote by H3,0(X ) − S the C∗-bundle over S which is obtained from the
complex line bundle H3,0(X ) by removing the zero section S ∋ s 7→ 0 ∈ H3,0(Xs).
We think of it as moduli space of gauged Calabi Yau 3-folds (Xs, vols), vols ∈
H3,0(Xs)− {0}, s ∈ S.
The holomorphic vector bundle H3(X ,C) → S has a canonical flat connection
defined by the lattice bundle H3(X ,Z) ⊂ H3(X ,C), which is known as Gauß-Manin
connection. Since the moduli space S is local, we can assume that S is simply
connected and that the bundle H3(X ,C) → S is trivial. In particular, we have
canonical identifications H3(Xs,Z) ∼= H3(X,Z) and H3(Xs,C) ∼= H3(X,C). So we
can define the period map
Per : S → P (H3(X,C)) , s 7→ H3,0(Xs) .
It follows from Kodaira and Spencer’s deformation theory (s. e.g. [M-K]) that
dPer(TsS) = dπ(H
3,0(Xs) +H
2,1(Xs)) ,
where π : H3(X,C) → P (H3(X,C)) is the canonical projection. This implies that
the period map is an immersion and since S is local we can assume that Per :
S → Per(S) ⊂ P (H3(X,C)) is an isomorphism. As a consequence, the cone MX =
∪s∈SPer(s)− {0} ⊂ H3(X,C) over Per(S) = P (MX) is canonically identified with
the moduli space H3,0(X ) − S of gauged Calabi Yau 3-folds. By the first Hodge-
Riemann bilinear relations the tangent space
TuMX = H
3,0(Xs) +H
2,1(Xs) , u ∈ Per(s)− {0} ,
is a Lagrangean subspace of H3(X,C) with respect to the intersection form ω.
Remark that, using the standard real structure τ on H3(X,C) with fix point set
H3(X,R), we can define the Hermitian form γ of complex signature (n + 1, n + 1),
n = h2,1(X), on H3(X,C) by equation (1). The first and second Hodge-Riemann bi-
linear relations imply that MX is a pseudo Ka¨hler submanifold MX ⊂ (H3(X,C), γ)
of complex signature (1, n). More precisely, we have the relations: γ(u, u) > 0,
γ(v, v) < 0 and γ(u, v) = 0 for all u ∈ H3,0(Xs)− {0} and v ∈ H2,1(Xs)− {0}. This
motivates the following definition.
Definition 3.1. Given fundamental algebraic data (V, ω, τ) as on p. 1 and γ defined
in (1), a Lagrangean pseudo Ka¨hler submanifold M ⊂ (V, ω, γ) is called a formal
ON HYPER KA¨HLER MANIFOLDS ASSOCIATED TO LAGRANGEAN SUBMANIFOLDS 13
moduli space (of gauged Calabi Yau 3-folds) if the following conditions are
satisfied:
(i) M is a cone, i.e. λM = M for all λ ∈ C− {0}.
(ii) γ(u, u) > 0 for all u ∈M .
(iii) γ(v, v) < 0 for all 0 6= v ∈ TuM such that γ(u, v) = 0.
To a Calabi Yau 3-fold X we have associated the following algebraic data: V =
H3(X,C), ω the intersection form (16), τ the real structure with fix point set V τ =
H3(X,R) and γ =
√−1ω(·, τ ·). With this understood the next proposition gives a
summary of the preceding discussion.
Proposition 3.2. The cone MX ⊂ (V, ω, γ) over the image Per(S) = P (MX) of
the period map is a formal moduli space of gauged Calabi Yau 3-folds in the sense of
Def. 3.1.
Proposition 3.3. The class of Lagrangean pseudo Ka¨hler cones defined in the pre-
vious section on p. 9 and classified in [dW-VP] and [C2] consists of formal moduli
spaces of gauged Calabi Yau 3-folds.
Remark that any statement which is true for formal moduli spaces M is true when
M = MX(∼= H3,0(X )− S) is the (actual) moduli space of gauged Calabi Yau 3-folds
associated to the Kuranishi moduli space S of a Calabi Yau 3-fold X .
Remark 5: For any formal moduli space M ⊂ (V, ω, γ) there is a canonical Ka¨hler
metric −gP (M) on P (M) known as special Ka¨hler metric, cf. p. 9 and [C2], which
can be defined by
gP (M)piu (dπv, dπv) =
γ(v, v)
γ(u, u)
−
∣∣∣∣∣γ(u, v)γ(u, u)
∣∣∣∣∣
2
, (17)
for u ∈ M , v ∈ TuM , where π : M → P (M) is the canonical projection. In the
case of actual moduli spaces of gauged Calabi Yau 3-folds M = MX the metric g
P (M)
is known as Weil-Petersson metric. The formal moduli spaces M of Prop. 3.3
provide all the known examples of homogeneous special Ka¨hler manifolds, i.e. with
transitive isometry group. It is noteworthy that “most” of these examples are not
Hermitian symmetric, s. [dW-VP] and [C2]. We may ask the following natural ques-
tion:
Which of the homogeneous special Ka¨hler manifolds can be realized as moduli spaces
of Calabi Yau 3-folds (equipped with the Weil-Petersson metric)?
To round up our presentation, we place the concept of formal moduli space in
the context of infinitesimal variations of Hodge structure, s. [G] and [B-G]. Given
fundamental algebraic data (V, ω, τ) as on p. 1, a polarized Hodge structure of
weight 3 on V , dimC V = 2n + 2, with Hodge numbers h
3,0 = 1 and h2,1 = n is
given by a decomposition into complex subspaces
V = H3,0 ⊕H2,1 ⊕H1,2 ⊕H0,3 , (18)
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such that Hp,q = τHq,p, hp,q = dimCH
p,q and satisfying the first and second Hodge-
Riemann bilinear relations. Moreover, one assumes that a lattice Γ ⊂ V τ is given and
that ω restricts to an integral nondegenerate skew symmetric bilinear form on Γ. Let
us denote by D the classifying space for such Hodge structures on V . Remark that an
element of D, i.e. a Hodge structure as above, is determined by the pair (H3,0, H2,1).
To any formal moduli space M ⊂ (V, ω, γ), s. Def. 3.1, we associate a map M → D
by
u 7→ (H3,0(u), H2,1(u)) ,
H3,0(u) := Cu , H2,1(u) := TuM ∩ u⊥ ,
where the orthogonal complement ⊥ is to be taken with respect to the Hermitian
form γ. Obviously this map factorizes to a map ϕM : P (M) → D. If we denote by
p : D → P (V ) the projection (H3,0, H2,1) 7→ H3,0 then p ◦ϕM : P (M)→ P (V ) is the
trivial inclusion. For any Hodge decomposition (18) one has also the corresponding
Hodge filtration
F 3 ⊂ F 2 ⊂ F 1 ⊂ F 0 = V , F p = ⊕p≤k≤3Hk,3−k .
Consider now a variation of Hodge structure u 7→ (Hp,q(u))p,q, u ∈ U , and denote
by (F p(u))p the corresponding Hodge filtrations. If the variation of Hodge structure
arises from a local deformation of complex structure (Xu)u∈U , i.e.H
p,q(u) = Hp,q(Xu),
then it must satisfy Griffiths’ infinitesimal period relations [G]
∂F p(u) ⊂ F p−1(u) . (19)
This means that holomorphic partial derivatives of a (local) holomorphic section of
the vector bundle (F p(u))u∈U are sections of (F
p−1(u))u∈U . The next theorem follows
from the work of Bryant and Griffiths [B-G].
Theorem 3.4. Let M ⊂ (V, ω, γ) be a formal moduli space, dimC V = 2n+2 and D
the classifying space for Hodge structures as above. Then the map ϕM : P (M)→ D is
a solution to the differential system on D defined by the infinitesimal period relations
(19). Conversely, any solution ϕ : U → D, U a complex n-fold, to this differential
system for which p ◦ ϕ : U → P (V ) is an immersion is locally of the form ϕM .
LetX be a Calabi Yau 3-fold, S its Kuranishi moduli space andMX = ∪s∈SPer(s)−
{0} ⊂ H3(X,C) the cone over the image of the period map Per : S → P (H3(X,C)).
Recall that MX is the moduli space of gauged Calabi Yau 3-folds associated to X .
The intermediate Jacobian of Xs, s ∈ S, is the complex torus
J (Xs) = H
3(X,C)
H3,0(Xs) +H2,1(Xs) +H3(X,Z)
.
The bundle of intermediate Jacobians J → MX over MX is the holomorphic
torus bundle whose fibre at u ∈ Per(s)− {0} ⊂MX is Ju = J (Xs).
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Theorem 3.5. For any Lagrangean splitting H3(X,R) = L0 ⊕ L′0 such that MX ⊂
H3(X,C) is in general position, there is a pseudo hyper Ka¨hler structure of complex
signature (2, 2n), n = h2,1(X), on the bundle of intermediate Jacobians J →MX .
Proof: By Prop. 3.2 the moduli space of gauged Calabi Yau 3-folds MX is a formal
moduli space. In particular, s. Def. 3.1, it is a Lagrangean pseudo Ka¨hler submanifold
of (H3(X,C), ω, γ), where ω is the intersection form (16) and γ =
√−1ω(·, τ ·) is
defined with the help of the standard real structure τ , i.e. H3(X,C)τ = H3(X,R).
By Thm. 1.5, we can associate to these data together with the Lagrangean splitting of
H3(X,R) a pseudo hyper Ka¨hler structure on T ∗MX . Using the intersection form ω
we can identify the cotangent bundle T ∗MX →MX with the normal bundleN → MX
of MX ⊂ H3(X,C). The normal bundle has fibre
Nu = H
3(X,C)
TuMX
=
H3(X,C)
H3,0(Xs) +H2,1(Xs)
at u ∈ Per(s) − {0} ⊂ MX and J → MX is precisely the torus bundle N /Γ → M
considered in Thm. 3.1 with M = MX , V = H
3(X,C) and Γ = H3(X,Z). Now the
theorem is an immediate consequence of Thm. 3.1. ✷
Remark 6: As checked in the proof of Prop. 2.1, the standard complex symplectic
structure Ω on T ∗MX ∼= N is invariant under the action of the lattice Γ = H3(X,Z) ⊂
H3(X,R) = V τ . So it factorizes to a complex symplectic structure on J = N /Γ ∼=
T ∗M/Γ independent of any choice of Lagrangean splitting H3(X,R) = L0⊕L′0. This
is the parallel complex symplectic structure associated to the pseudo hyper Ka¨hler
structure of Thm. 3.5 and it coincides with the complex symplectic structure which
was recently constructed by Donagi and Markman [D-M].
Remark 7: Given a Lagrangean subspace L1 ⊂ (V, ω, τ) such that L1 ∩ τL1 =
{0}, there exists a Lagrangean subspace L such that L = τL and L ∩ L1 = {0}.
This shows that locally one can always find a Lagrangean splitting of H3(X,R)
such that MX is in general position. However, such a choice is not unique. In
fact, the Lagrangean splittings of H3(X,R) ∼= R2n+2 are parametrized by the coset
space Sp(n + 1,R)/GL(n + 1,R). To reduce this arbitrariness to only a countable
number of allowed choices, we can proceed as follows. Any isomorphism H3(X,Z) ∼=
Z
n+1⊕(Zn+1)∗ mapping the intersection form to the standard nondegenerate integral
skew symmetric bilinear form on Zn+1 ⊕ (Zn+1)∗ induces a Lagrangean splitting of
H3(X,R). In other words, we allow only Lagrangean splittings ofH3(X,R) which are
induced by the choice of a symplectic basis (ξi, ηi)i=0,... ,n for the integral cohomology,
i.e. ξi, ηi ∈ H3(X,Z), ω(ξi, ξj) = ω(ηi, ηj) = 0 and ω(ξi, ηj) = δij . The Lagrangean
splittings of this type are parametrized by Sp(n+ 1,Z)/GL(n+ 1,Z).
Remark 8: The pseudo hyper Ka¨hler metrics G on the cotangent bundle T ∗M of
a formal moduli space of gauged Calabi Yau 3-folds M ⊂ V , s. Def. 3.1 and Thm.
1.5, are not complete. In fact, the open line segment l joining a point u ∈ M to the
origin 0 ∈ V −M is a geodesic arc of finite length in the totally geodesic zero section
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M ⊂ T ∗M . We may consider the natural blow up σ : M˜ →M of the cone M at the
origin. M˜ = M ∪ P (M) is identified with the universal bundle of the projectivized
cone P (M). It is easy to see that σ∗(G|M) = σ∗g extends smoothly to the divisor
P (M) ⊂ M˜ . However, this extension gives only a degenerate metric on M˜ ⊂ T ∗M˜ ,
unless M is a complex line. (Of course the same remarks apply in the case of actual
moduli spaces of gauged Calabi Yau 3-folds M = MX as considered in Thm. 3.5.)
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